
PHYSICAL REVIEW E MAY 1997VOLUME 55, NUMBER 5
Vacuum beat wave acceleration
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A vacuum beat wave accelerator~VBWA !, in which two focused laser beams of differing wavelengths
generate a beat wave that can impart a net acceleration to particles, is analyzed and simulated. The mechanism
relies on the ponderomotive~v3B! force, thus circumventing the so-called Lawson-Woodward theorem. No
gas, plasma, or other proximate material medium is required to achieve a net energy gain. The single-stage
energy gain of the VBWA is limited by diffraction of the laser beams, particle slippage, and radial walkoff. In
the simulations the particles are synchronous with the beat wave for a short interval of time and the energy gain
has the nature of an impulse delivered near the focal region. Simulations show that the problem of radial
walkoff may be ameliorated by using a converging beam of particles, as naturally occurs for injection of a
finite-emittance beam. For terawatt-level laser beams, with wavelengths 1mm and 0.5mm, and a 4.5 MeV
finite-emittance electron beam, the energy can be increased to;12.5 MeV in a nonsynchronous interaction
over a distance of under 4 mm, with a peak acceleration gradient;15 GeV/m and an estimated trapping
fraction of;1%. The simulated energy gain is compared with analytical predictions. Scaling is illustrated by
increasing the injection energy to 50 MeV.@S1063-651X~97!03704-5#

PACS number~s!: 29.27.2a
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I. INTRODUCTION

Advances in the development of high power lasers c
tinue to spur new concepts for accelerators@1#. There is a
need for radically new approaches with the potential for
celeration gradients considerably larger than the;100
MeV/m typical of proposed next-generationX-band linacs.
Energetic electrons have been observed in a number of la
driven plasma beat wave and wakefield experiments@2–9#
and peak gradients of;100 GV/m have been inferred@7#. If
such an acceleration gradient could be sustained for;10 m,
a TeV electron beam would be produced. This would ess
tially remove site development problems associated w
conventional acceleration schemes. However, laser-b
plasma acceleration schemes face a myriad of challenges
must be overcome before any of these schemes can be
sidered practical. Some of the difficulties lie in the fact th
the plasma~or gas! medium, needed to support the accel
ating slow waves, may be susceptible to instability or indu
scattering. Additionally, since acceleration of positrons i
sine qua nonin lepton colliders, their rapid annihilation in
plasma or gas could be problematic.

An alternative approach to particle acceleration is to m
use of laser beamsin vacuo in the far-field limit, i.e., in
regions that are far~compared to the vacuum wavelengt!
from boundaries@10–18#, thus mitigating material break
down, plasma formation, and instability. Particle accelerat
in vacuoby laser fields can be divided into two main categ
ries: ~i! direct acceleration, in which the accelerating force
linearly proportional to the field, and~ii ! ponderomotive ac-
celeration, in which the accelerating force is proportional
the square of the field.
551063-651X/97/55~5!/5924~10!/$10.00
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The simplest method for direct acceleration utilizes
single laser beam. Plane electromagnetic waves are not
able for direct acceleration since the longitudinal elect
field component~along the direction of propagation, taken
be thez axis! is zero. In three dimensions, however, a f
cused laser beam will have a finite longitudinal compone
It follows from Gauss’s theorem that, in general, the lon
tudinal fieldEz is related to the~dominant! transverse elec-
tric field E' through]Ez/]z52“'•E' , where the suffix'
denotes the transverse component. Higher order Gaus
beams, in whichE' is zero along thez axis andEz is non-
zero, have been analyzed as possible candidates for vac
laser acceleration@10–16#. Alternatively, a similar electric
field configuration near thez axis can be produced by inter
secting two laser beams at finite angle@13–15#.

The existence of a longitudinal electric field is not suf
cient for a viable acceleration scheme. It is also necessar
ensure that the accelerating field can interact with the p
ticles synchronously over an extended distance. In particu
the phase velocitybph of the accelerating field must be clos
to the longitudinal particle velocitybz over a sufficiently
long interaction distance, whereb5v/c denotes a velocityv
normalized to the speed of lightin vacuo. In the absence of
phase matching, particles slip relative to the laser field, l
iting the distance over which acceleration takes place.
far-field accelerators phase slippage occurs because the
gitudinal phase velocity of the laser beamin vacuoexceeds
c. In addition,bph andbz vary along the particle trajectory
and, hence, the phase relationship between the particle
the wave evolves continuously. In fact, it is possible to sh
that if a highly relativistic particle (vz5c) interacts with the
longitudinal laser field fromz52` to z5` in vacuothe net
5924 © 1997 The American Physical Society
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55 5925VACUUM BEAT WAVE ACCELERATION
energy gain is zero. This is the essence of the Laws
Woodward theorem@12–14,19,20#.

In ponderomotive laser acceleration configurations, on
other hand, the phase velocity can be subluminous and
ticle acceleration over an extended range is, in principle, p
sible. This is the case in the vacuum beat wave acceler
~VBWA ! @13,14#, which utilizes a pair of laser beams t
accelerate particles. The VBWA is similar to the inver
free-electron laser~IFEL!, wherein a propagating electro
magnetic wave interacts with an electron beam in the p
ence of a periodic magnetostatic field, and the resulting b
wave produces acceleration. The VBWA is a novel varian
this concept, utilizing instead two laser beams to form a b
wave to accomplish the same task. With the use of powe
lasers, such as table-top terawatt~T3! lasers@21#, the VBWA
promises to be a more compact, or higher-gradient, acce
tor than the IFEL. Since the VBWA does not require t
proximity of a material medium, nor does it take place in
plasma, it is limited neither by material breakdown~as in an
inverse Cerenkov accelerator! nor by pair annihilation of
positrons~as in plasma beat wave or plasma wakefield ac
erators!.

The ponderomotive force of a single, linearly polariz
laser pulse can lead to scattering of particles, as dem
strated in Ref.@17#. The phase velocity of this ponderomo
tive force exceedsc since the phase velocity of a single las
pulse is greater thanc. Thus the phase synchronism nece
sary for high energy acceleration is not obtained. For
trashort laser pulses there is an additional longitudinal p
deromotive force that arises from gradients in the laser p
envelope. The phase velocity of the ponderomotive force
sociated with the envelope is approximately equal to
group velocityvg of the pulse, which can be less thanc @18#.
The ponderomotive force associated with variations in
envelope is less than that associated with variations in
phaseby l/L, wherel is the wavelength andL is the pulse
length. Consequently, the energy gain resulting from the
velope variation is relatively small. In the following it i
assumed thatL→`. As further justification, we note that th
distance over which a relativistic particle slips with resp
to the laser pulse—which travels atvg—is much less than
the laser pulse lengthL.

In this paper earlier models@13,14# of the VBWA are
extended in order to better represent the detailed motio
the particles, as observed in simulations. The parameter
the simulations are chosen to correspond to those of an
periment to be performed at the Naval Research Laborat
Simulations demonstrate that, for low energies and on-a
injection of particles, the VBWA is limited by slippage. Ad
ditionally, they reveal that the VBWA interaction has th
characteristics of an impulse, delivered to the particles in
vicinity of the focal point. New analytical estimates for th
energy gain, appropriate to an impulsive interaction, are
tained. Concomitant with acceleration, the impulse scat
particles in the transverse plane. It is demonstrated tha
employing converging particle beams—that come to a fo
at the same location as the laser beams—radial walko
mitigated and a several fold increase in energy is poss
with TW-level laser beams. Simulation results are also p
sented to show the scaling of the VBWA to higher injecti
energies.
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II. PONDEROMOTIVE BEAT WAVE

In the presence of an electromagnetic fieldin vacuo the
change in the relativistic factorg of an electron of massm
and chargee, moving along thez axis, due to the longitudi-
nal component of the laser fieldEz , is given by

Dg52
ueu
mc2 E2 l

l

dt vzEz .

The usual expression of the Lawson-Woodward theor
states thatDg50 in the ultrarelativistic limit (vz5c) pro-
vided l→` @12–14,19,20#. Since the theorem specifically ne
glects the Lorentz force due to the magnetic fieldB, i.e.,
2ueuv3B, it is natural to consider a configuration where
this force is significant with a view to escaping the theorem
conclusion. Thev3B force is also referred to as the ponder
motive force.

Consider two laser beams, with frequenciesv1 andv2,
respectively, that propagate along a common axis and c
to a common focus atz5Zfocus, as shown in Fig. 1. For
definiteness circularly polarized laser beams are consid
throughout. The vector potential of such a beam is expre
ible as

A j5
A0 jw0 j

wj
exp~2r 2/wj

2!~ êxcosc j1êysinc j !1Azjêz ,

~1!

where the suffix j51,2 identifies the laser beam
v j5ckj52p/l j defines the wave numberkj and wave-
lengthlj ,

wj~z!5w0 j@11~z2Zocus!
2/ZRj

2 #1/2

is the spot size atz, w0 j is the waist~radius!, ZRj5pw 0 j
2 /l j

is the Rayleigh range~i.e., the diffraction scale lengthin
vacuo!, A0 j is a constant andêx , êy , andêz are unit vectors.

FIG. 1. Vacuum beat wave accelerator configuration. Two c
linear and copropagating laser beams come to a common focu
Zfocus. The waist of the laser beam of frequencyv1 ~v2! is w0,1
~w0,2!.
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5926 55HAFIZI, TING, ESAREY, SPRANGLE, AND KRALL
The expression for the vector potential, Eq.~1!, is valid in
the paraxial limit, wherew0 j@l j . In Eq.~1!, Azj denotes the
axial component of the vector potential. In the Coulom
gauge, divA j50, whenceAzj5O(A0 j /kjwj ); i.e., Azj is
small compared toA0 j in the paraxial limit. The total vecto
potential isA5A11A2.

The vector potential for the lowest order Gaussian be
Eq. ~1!, includes both a spot size variation and a phase va
tion. The phasecj can be expressed as the sum of seve
physically distinct contributions

c j5cp j1cGj1ck j1c0 j .

The first term,cp j5kjz2v j t, is the usual plane wave phas
The second contribution,cGj52tan21@~z2Zfocus!/ZRj#, is
due to the Guoy effect, which leads to an extra half-cycle
the phase shift upon passing through the focal region@22#.
The third term,ck j5r 2~z2Zfocus!/(ZRjwj

2), is due to the
curvature of the wave fronts and contributes for off-axis p
ticles. The last term is an arbitrary constant.

As a first approximation, it is natural to assume that p
ticles remain close to the axis, i.e.,r!wj0 through the inter-
action region. Therefore, disregarding the phase shift du
curvature, the Guoy effect causes the phase fronts o
Gaussian beam to shift forward by an extrap on passing
through the waist and, hence, the phase velocity is slig
greater thanc. The central idea in the VBWA is that th
phase velocity of the beat wave of two laser beams may
controlled by appropriate choice of parameters, and, in f
made sufficiently slow to trap particles.

Physically, beat wave acceleration may be import
when the wiggle velocity of a particle in one of the las
beams, crossed into the magnetic field of the other be
‘‘moves’’ at a velocity that is close to that of the particle. W
define auxiliary variablesu5p/(mc), wherep5gmv is the
momentum, and the normalized vector potent
a5ueuA/~mc2!. To lowest order in the fields and in th
paraxial limit,u~0!2g~0!êz5a1~u02g0)êz , whereg0 andu0
denote the initial values of the relativistic factor and of t
axial component ofu, respectively, far upstream of the las
beams~wherea→0!. Iterating, ponderomotive and diffrac
tive effects enter the equations of motion at the next ord

dg

dz
5

1

2cuz

]a2

]t
1
1

c

]az
]t

, ~2!

du'

dz
5
da'

dz
2

1

2uz
“'a

22“'az , ~3!

where

a25â1
21â2

212â1â2 cos~c22c1!1az
2, ~4!

â j5(a0 jw0 j /wj )exp(2r 2/w j
2) and a0 j5ueuA0 j /(mc2).

Making use of Eq.~4! to evaluate the appropriate derivative
Eqs.~2! and ~3! become
,
a-
l

f

-

-

to
a
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e
t,

t

,

l

,

,

dg

dz
5

~k22k1!â1â2
uz

sin~c22c1!, ~5!

2uz
d~u'2a'!

dz
'2“'@ â1

21â2
21~az11az2!

2#

22“'~ â2â2!cos~c22c1!

14â1â2 sin~c22c1!r ~z2Zfocus!

3S 1

ZR2w2
22

1

ZR1w1
2D , ~6!

where r is the radius vector in cylindrical coordinates, an
only the ponderomotive terms have been retained on
right hand sides of Eqs.~5! and ~6!. The normalizedbeat
wavephase velocity is given by

bph
21512

12~12 ẑ2
2!r 2/w2

2

~k22k1!ZR2~11 ẑ2
2!

1
12~12 ẑ1

2!r 2/w1
2

~k22k1!ZR1~11 ẑ1
2!
,

~7!

whereẑj5(z2Zfocus!/ZRj is the normalized axial coordinat
relative to the focal point.

To complete the description of the slowly varying com
ponent of particle motion, Eqs.~5! and ~6! must be supple-
mented by an equation for the variation of the beat wa
phase

d~c22c1!

dz
5~k22k1!~bph

212bz
21!12

b'–r

bz
~z2Zfocus!

3S 1

ZR2w2
22

1

ZR1w1
2D , ~8!

which follows from the definition ofcj .

III. ANALYTICAL ESTIMATES FOR ENERGY GAIN

To estimate the single stage energy gain in the VBWA
equations of motion are analyzed, extending previous mo
@13,14# of the interaction to account for the particle motio
observed in the simulations. However, for these analyt
studies the radial displacement of particles from the axis w
be ignored for simplicity. It is further assumed that the m
tion is entirely determined by the beat wave, i.e., the in
vidual laser fields are assumed to have no influence on
slow scale evolution of the particle energy. With these
sumptions the motion is governed by the equation for
relativistic factor, Eq.~5!, and that for the phase, Eq.~8!.

Equation ~8! permits one to identify a~local! slippage
distancezs , given by

zs5
p

u~k22k1!~bph
212bz

21!u
,
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55 5927VACUUM BEAT WAVE ACCELERATION
that is, a measure of the distance over which the phase o
particle in the beat wave slips byp. In terms of the slippage
distance one is led to consider the following cases.

~a! Synchronous acceleration, zs/ZRj@1. Here the par-
ticle motion is such that it remains at a fixed phase w
respect to the beat wave through the entire interaction re
i.e., the relative phasec22c15csyn5const. This is referred
to as the synchronous case, and the acceleration is sim
limited by the axial falloff of the laser fields on either side
the focal region. This limit was examined in Refs.@13# and
@14#, takingZR15ZR2. This example is particularly interes
ing since the Guoy phase contributions of the two la
beams cancel out and, for an ultrarelativistic,on-axispar-
ticle, the relative phasec22c15c0,22c0,1 is manifestly con-
stant. Unfortunately, Eq.~7! shows that, when the Rayleig
ranges are set equal to one another,bph51 and particles
cannot maintain synchronism with the beat wave. This
also implied by Eq.~8!. One way out of this dilemma is to
assume that the Rayleigh ranges are unequal. If, without
of generality, it is assumed thatZR2.ZR1, Eq. ~5! may be
integrated over the interval~2`,`! to obtain the change in
the relativistic factor

Dg254~k22k1!ZR1a0,1a0,2K~A12ZR1
2 /ZR2

2 !sin csyn, ~9!

whereK(x) is the complete elliptic integral of the first kin
andbz'1 has been assumed. Maximum energy gain is
tained forcsyn5p/2. WhenZR15ZR2 in Eq. ~9!, Eq. ~48! of
Ref. @14# is recovered.

The validity of synchronous acceleration may be chec
by perturbing around the synchronous values of the rela
istic factor,gsyn(z) and the phase. Perturbing Eqs.~5! and
~8!, the equations of motion for the deviation~dg,dc! from
the synchronous values are

d

dz
dg52

a0,2a0,1~k22k1!

bz,syn
3 gsyn

2 sincsyndg

1
a0,2a0,1~k22k1!

bz,syngsyn
coscsyndc, ~10!

d

dz
dc5

~k22k1!g'
2

~bz,syngsyn!
3 dg. ~11!

In writing Eqs.~10! and~11! use has been made of the de
nition g'5~11a2!1/2 for the transverse relativistic facto
@with g5g'gz[g'~12b z

2!21/2#. Additionally it has been as
sumed that the axial variation of the vector potential is s
ficiently small, as quantified presently. It follows from Eq
~10! and~11! that any deviation from the synchronous valu
evolves according to exp(Gz), where
he

on
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r

s
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-

d
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-

G'2
a0,2a0,1~k22k1!

2bz,syn
3 gsyn

2 sincsyn

6F S a0,2a0,1~k22k1!

2bz,syn
3 gsyn

2 sincsynD 2
1

~k22k1!
2g'

2a0,2a0,1
~bz,syngsyn!

4 coscsynG1/2. ~12!

Equation~12! indicates that acceleration is accompanied
phase bunching providedp/2,csyn,p. Equations~10!–~12!
are valid provided the scale length for the variation of t
vector potential~due to diffraction! is long compared with
that for acceleration, which, in turn, is long compared w
G21. That is, G@ud lngsyn/dzu@ud ln(aj )/dzu. Since
ud ln(aj )/dzu;uz2Zfocusu/ZRj

2 , the second part of the inequa
ity is valid in the focal region. However, examination of E
~12! reveals thatuGu is comparable toud lngsyn/dzu and, there-
fore, phase bunching is likely to be a slow process, tak
place at the same rate as the acceleration. Thus synchro
acceleration is impractical because the beat wave phase
locity varies rapidly in the focal region.

~b! Dg/g small, zs/ZRj arbitrary. A different model of the
interaction is obtained by assuming that the acceleratio
weak; for example, a multistage system in whichDg/g per
stage is small. Analysis of this case proceeds by integra
Eq. ~5!

Dg252~k22k1!ImE
2`

`

dz8â1~z8!â2~z8!exp@ iF~z8!#,

~13!

where

F~z!5~k22k1!Ez

dz8@bph
21~z8!2bz

21~z8!# ~14!

follows from Eq. ~8! upon neglecting terms proportional t
the transverse displacement. When the change in energ
small it is appropriate to make use of the Born approxim
tion and takebz to be a constant in Eq.~14!. For equal
Rayleigh ranges,ZR15ZR25ZR , bph51 and the evolution
of the phase is readily determined from Eq.~14!. Equation
~13! then integrates to

Dg252p~k22k1!ZRa0,1a0,2exp~2pZR /zs!, ~15!

where the constant of integration in Eq.~14! has been se
equal top/2. The interesting feature of Eq.~15! is the expo-
nential factor. It reveals the manner in which slippage lea
to phase mixing of the integral and reduces the accelera
gradient. The relevant dimensionless measure of slippag
clearly ZR/zs . Equation~15!, however, underestimates th
energy gain—at least in the numerical examples in Sec. IV
since it does not take into account the fact that in gain
energy the particles speed up and tend to catch up with
beat wave, effectively increasingzs .
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5928 55HAFIZI, TING, ESAREY, SPRANGLE, AND KRALL
~c! Impulse acceleration, zs,ZRj . The last model to be
considered may be regarded to be the opposite extrem
case~a!. Namely, one assumes that the phase variatio
rapid compared to that of the amplitudes. In this case
acceleration is assumed to be significant in the immed
vicinity of the focal point. The rapid variation of the phas
cuts off the integral in Eq.~13!. The analysis, however, goe
one step beyond case~b! by approximately correcting for the
acceleration that takes place during the short interval aro
Zfocus. Asymptotic evaluation of the integral in Eq.~13! pro-
ceeds by expanding the phase function in a Taylor se
aboutz5Zfocus

F~z!5F~Zfocus!1~z2Zfocus!F8~Zfocus!1 1
2 ~z2Zfocus!

2

3F9~Zfocus!1 1
6 ~z2Zfocus!

3F-~Zfocus!1•••.

In the highly relativistic limit and for equal Rayleigh range
ZR15ZR25ZR , Eq. ~13! reduces to

Dg2;
4p

3
~k22k1!ZR

g'a0,1a0,2
a

3@J1/3~b!1J21/3~b!#sinF~Zfocus!, ~16!

whereb5(2pZR/3zs)g'/a, the amplitudea is given by Eq.
~4! andg' is defined following Eq.~11!. The argument of the
Bessel functions in Eq.~16! is also expressible a
b5(k22k1)ZRg'

3 /(3g2a), and the Bessel function sum
may alternatively be expressed in terms of the Airy funct
Ai „2~3b/2!2/3…. Equation~16! may be useful in multistage
systems, whereDg/g per stage is relatively small.

Equations~9!, ~15!, and~16! may be used to gain insigh
into the scaling properties of the VBWA@14#. The following
observations may be made based on the form of these
pressions. First, the energy gain is nearly proportional to
product of the amplitudes. As a result if either laser beam
weak~i.e., a0,1!1 or a0,2!1! the influence of the beat wav
may be minor compared with that of the individual las
beams. Second, the scaling with the ratio of laser frequen
is more involved. At first sight the energy gain increases
k22k1 is increased. However, Eqs.~15! and ~16! also de-
pend on the slippage distancezs , which decreases with in
creasingk22k1 . As zs decreases, the Bessel function sum
Eq. ~16! decreases, reducing the energy gain. The opti
frequency ratio is therefore a function of several facto
Among these we should include the ease with which the
frequencies are generated in the laboratory; e.g., freque
doubling is typically straightforward. In any event,Dg→0 as
k22k1→0. In this connection it should be noted that asb
varies—due, for example, to an increase in the energy—
Bessel functions in Eq.~16! imply an oscillatory variation of
Dg. Accordingly, in a multistage system where the energy
to increase continuously, it may be necessary to gradu
adjust the laser system parameters so as to avoid dece
tion. Finally, to a first approximation, the energy gain is i
versely proportional to the initial particle energy. That
there is an energy beyond which the beat wave mechanis
not an effective method of acceleration since the laser po
of
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requirement becomes prohibitive. This property is shared
some other schemes, such as the inverse free-electron
accelerator.

IV. NUMERICAL RESULTS

The expressions for the energy gain, Eqs.~9!, ~15!, and
~16!, are approximate. They ignore the effects of the in
vidual laser fields. Further, radial displacement of the p
ticles is neglected and no information regarding beam em
tance emerges. The latter is a serious shortcoming since
luminosity is directly related to beam emittance. There
three distinct transverse force terms in Eq.~6!. The first
arises from the ponderomotive effect of the two individu
laser beams. These are always defocusing inasmuch a
laser intensity peaks on axis. The other two terms are du
the joint ponderomotive effect of the two beams. One wo
hope that there is a range of phase values such
sin~c22c1! positive, and therefore accelerating, while at t
same time net focusing is obtained in the transverse di
tion.

For a comprehensive description one must seek a num
cal solution where a finite-emittance beam of particles is
jected along thez axis, copropagating with the laser beam
towards the focus. The numerical method here employ
leapfrog integrator to push the particles in the prescrib
fields of the two laser beams, employing the complete re
tivistic Lorentz force equation. The simulations are carri
out on the fast temporal and spatial scales associated with
laser fields, including all components of the electromagne
field. The particle equations of motion are integrated in
speed-of-light coordinate system in which the independ
variables arez5ct2z and t5t. Boris’ rotation is used for
accurate finite differencing of thev3B force @23#.

Two sets of results are discussed below. The first assu
a 4.5 MeV particle beam injector, with about 1 TW availab
in each laser beam. These parameters can be achieved
facilities available at the Naval Research Laboratory. T
second employs a 50 MeV beam and is presented to dem
strate the scaling of the concept to higher energies. The
merical examples employ a laser beam with wavelengt
mm and another at 1/2mm. In practice this may be accom
plished by splitting the beam from a 1mm laser into two,
frequency doubling one with a KDP~KH2PO4! crystal, and
then recombining. The beams are phased such
c0,22c0,15p/2, although in practice this may be adjusted f
optimization. The laser beam power, determined from
vector potential in Eq.~1!, can be written as

Pj@TW#50.0432~a0 jw0 j /l j !
2

in the paraxial limit. Similarly the peak~on-axis! intensity
and electric field are given by

I j@W/cm2#52.7531018~a0 j /l j@mm# !2, ~17!

and
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Ej@TV/m#53.11a0 j /l j@mm#, ~18!

respectively.
The results described below are designed to optimize

energy gain for given input electron beam and laser pu
parameters. Preliminary simulations in each case use
zero-emittance beam of particles, spread over a single l
wavelength along the axis, in order to obtain a rough gu
for the laser beam parameters. Particles are injected alon
positivez axis, well upstream of the focal point, where th
laser intensity is small. Note that this is central to the VBW
concept: the particles enter and exit the combined laser fi
at distances that are many Rayleigh ranges away from
region of high intensity. Consequently laser beam opti
elements that are required to define the boundaries of
interaction region are not likely to be damaged. The app
priate initial condition is to setu'5a' to mimic particles
with zero transverse canonical momentum. These sim
tions were then followed by finite-emittance runs, where
convergent beam, consisting of 4000 particles, is injec
along the axis. In this case the canonical momentum
zero: ^u'&5a' , where ^ & indicates an average over th
particle distribution.

Prior to these studies it was felt that the laser beam
rameters must be chosen so that the beat wave is sufficie
slow to be synchronous with the particles~i.e., bph'bz!
throughout the interaction. For the 4.5 MeV case, for e
ample, this necessitates the Rayleigh range of the 1/2mm
beam to be much longer than that of the 1mm beam, i.e.,
ZR2@ZR1 @see Eq.~7!#. Analysis of the numerical results
however, revealed that, due to diffraction, the phase velo
of the beat wave varied so rapidly in the focal region tha
was not appropriate to attempt this synchronization. Furt
phase space plots revealed no significant phase bunc
with particles dispersing apart at a rate that was closely
lated to their respective energies. It should be noted that
employing disparate Rayleigh ranges,ZR2@ZR1, one is ef-
fectively wasting a significant portion of laser beam 2, sin
the beat wave is dominant only within a distance on the or
of ZR1. After performing simulations in which the abov
points were verified, the synchronization requirement w
abandoned. Simulations were thereafter performed w
equal Rayleigh ranges by appropriate choice of paramet

(a) 4.5 MeV VBWA example.Table I lists the parameter
for the 4.5 MeV case. Before proceeding with a descript
of finite-emittance simulations, we consider the ideal ca
Figure 2 shows several plots for a zero-emittance be
which illustrate some of the points made earlier. Here
single particle is injected atz50, 40ZR1 upstream of the
focal point, and is followed to 40ZR1 past the focal point.
The beat wave is expected to be significant within a f
Rayleigh ranges on either side of the focus. The part
phase at the injection point is chosen for near-maximum
ergy gain. Figure 2~a! shows 12bph , as seen by the particle
as a function ofz/ZR1. Far upstream the beat wave is lum
nous. It speeds up slightly and then becomes sublumin
for a short interval before and after the focus, becoming
perluminous thereafter. Observe the rapid variation of
phase velocity in the vicinity of the focal point. This plo
clearly shows the difficulty of maintaining synchronism b
e
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tween the particle and the beat wave. Figure 2~b!, which
shows bph2bz , emphasizes this point and, in additio
shows that the beat wave is nowhere exactly synchron
with the particle.

Another important feature of the interaction is illustrat
in Fig. 2~c!, which shows thex components of the normal
ized vector potential and the normalized mechanical mom
tum. At the injection point the two variables are equal a
they remain so right up to the focus, at which point t
normalized momentumux ~dashed line! receives a kick and
deviates fromax thereafter by a large and nearly consta
amount. From Eq.~6! it would appear that this is caused b
the transverse component of the ponderomotive force, wh
is large in this example due to the small focal spot si
Thus, the assumption of constant canonical momentum
Refs.@13# and@14# is valid only up to the focal point. In this
connection the following two observations should be ma
First, in the simulations the particle oscillation amplitude
not small compared to the laser spot size. This breaks
symmetry that is necessary for conservation of canon
momentum. Additionally, the analyses in Refs.@13# and@14#
were based on the assumption of rapid particle quiver mo
superposed on top of a slower ponderomotive motion.
the parameters here, however, the particle undergoes a
oscillations only in the interaction region and thus the dec
pling into a small amplitude motion on top of a slow motio
is not obtained.

Figure 2~d!, which shows the transverse distance of t
particle from thez axis, indicates a large sideways kick o
passing through the focus. Examination of Eq.~7! shows that
well after the focal pointbph is a constant, as indicated i
Fig. 2~a!, provided r increases in proportion toz2Zfocus.
This dependence is precisely what is observed in Fig. 2~d!.
Since the displacement scales linearly withz2Zfocus it fol-
lows that the effect of the laser beams on the particles is a
to that of an impulse, delivered in the vicinity of the foc
point. Consistent with this, Fig. 2~e! shows that the particle
energy undergoes rapid changes in the focal region, plat
ing at just under 8 MeV.~The energy gain can be improve
significantly by employing a converging beam of particle
as described presently.!

We now proceed to describe the results of a realis

TABLE I. Parameters for VBWA simulation with 4.5 MeV
beam injected atz50.

Injection energy 4.5 MeV
Normalized emittance«n 1.2p mm mrad
Particle beam radius at waist 4mm
l1 1 mm
Normalized vector potentiala0,1 1.3
Radiation waistw0,1 4 mm
Focal pointZfocus 2 mm
Rayleigh rangeZR1 50 mm
Power~1 mm beam! P1 1.16 TW
Power~1/2 mm beam! P2 1.16 TW
Vector potential ratioa0,2/a0,1 1/A2
Waist ratiow0,2/w0,1 1/A2
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FIG. 2. Simulation results for a VBWA using a single particle with injection energy 4.5 MeV. The particle is injected on axis az50.
The abscissa is measured in units of Rayleigh range,ZR1, of laser beam 1. Laser beams come to focus 40ZR1 downstream of the injection
point. Plots of ~a! 12bph , ~b! bph2bz , ~c! x components of normalized vector potentialax ~solid line! and normalized mechanica
momentumux ~dashed line!, ~d! radial displacement, and~e! energy as functions of axial distance.
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simulation of a finite-emittance beam, with parameters
listed in Table I. Figure 3 shows the results. In order
approximately match the axial particle velocity with that
the beat wave, and to maximizea0 j it was necessary to
choose a relatively small waist,w0.154 mm. In practice the
minimum waist for a Gaussian beam is given bywmin'f #l,
wherel is the wavelength andf # is the f number~defined
for a lens that collects 99% of the laser beam! @24#. Thus a
moderately sophisticated focusing element withf number
close to 4 and a near-diffraction-limited beam must be e
ployed to obtain the indicated laser waist. The relativ
small f number and waist mean that the intensity and
s

-
y
e

field amplitude, evaluated with the aid of Eqs.~17! and~18!,
are very large at the focal point.

The computations employ a beam of noninteracting p
ticles ~i.e., with no space charge! with normalized root mean
square~rms! emittance«n51.2p mm mrad. It is natural to
arrange for the particle beam to come to focus at the sa
location as the laser beams. Commonly available optical
ements for the particle beam line, such as bending mag
and quadrupoles, are suitable for focusing this beam dow
an rms waist on the order of 4mm and thus achieve a nearl
optimal overlap of the optical and particle beams.

Interestingly, the convergent, finite-emittance partic
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55 5931VACUUM BEAT WAVE ACCELERATION
beam employed here has a characteristic that tends to
hance the energy gain in the VBWA configuration. As d
scribed earlier the transverse forces in the VBWA tend
scatter the particles after the focal point. With a converg

FIG. 3. Simulation results for a VBWA with injection of a
initially converging 4.5 MeV finite-emittance beam. Particles a
injected atz50. Laser and particle beams come to focus 40ZR1
downstream of the injection point. Plots of~a! g-r phase space an
~b! longitudinal phase space~g-z!, at end of run,ct50.4 cm. In the
latter, the direction of beam propagation is towards the left. A p
of peak energy vs axial distance, with the abscissa measure
units of Rayleigh range,ZR1, of laser beam 1, is shown in~c!.
n-
-
o
t

particle beam, coming to a focus at the point where the la
beams are in focus, it is found that there is a signific
improvement in the net energy gain. Presumably this is
cause the convergence of the particles towards the f
point partially compensates for the scattering effect of
laser beams. The particles scatter away from the axis a
the focal point isotropically.

Figure 3~a! shows theg-r phase space, demonstrating th
a small number of the high energy particles are close to
axis. The lack of significant phase bunching is demonstra
by the plot of the longitudinal phase space~g-z, wherez5ct
2z!, shown in Fig. 3~b!. Note that the particles, initially
loaded over a longitudinal distance;1 mm, are now spread
over more than 50mm. Observe that a small fraction of th
particles are at the highest energies. Based on this and s
lar plots it is estimated that the fraction of particles wi
energy in excess 10 MeV is on the order of 1%. Finally F
3~c! shows the peak energy of the ensemble of partic
along the interaction length. Observe that the energy rise
to ;16 MeV in the vicinity of the focal point and then drop
off, plateauing at;12.5 MeV. This final energy is 4 MeV
higher than the case of on-axis injection in Fig. 2. Equat
~16! predicts a peak energy of 17 MeV forF~Zfocus!52p/2.
The final dropoff can be reduced by injecting the partic
into the interaction region at larger angles than in the pres
case. This tends to support our speculation that ra
walkoff may be responsible for the phase detuning that le
to the drop in energy. In this connection, it must be no
that at the termination of the run,z/ZRI580, the spot sizes o
the laser beams have expanded tow15320mm andw25226
mm, respectively. That is, the highest energy particles
still within the laser spots. Even with the dropoff, one has
near tripling of the particle energy in a distance that is le
than 4 mm. The peak acceleration gradient is on the orde
15 GeV/m.

~b! 50 MeV VBWA example.Table II lists the parameter
for the case with injection energy 50 MeV and Fig. 4 sho
the results. Note that the laser beam power has been
creased to 29 TW. This example is presented to indicate
potential of the VBWA at a higher injection energy. Alte
natively it may be viewed as part of a multistage syst

t
in

TABLE II. Parameters for VBWA simulation with 50 MeV
beam injected atz50.

Injection energy 50 MeV
Normalized emittance«n 12 p mm mrad
Particle beam radius at waist 4mm
l1 1 mm
Normalized vector potentiala0,1 6.5
Radiation waistw0,1 4 mm
Focal pointZfocus 2 mm
Rayleigh rangeZR1 50 mm
Power~1 mm beam! P1 29 TW
Power~1/2 mm beam! P2 29 TW
Vector potential ratioa0,2/a0,1 1/A2
Waist ratiow0,2/w0,1 1/A2
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wherein each successive stage adds onto the beam a fra
of the desired total energy gain. It is apparent that to achi
a significant energy gain, for example to accelerate a par
beam from the MeV range to the GeV range, a multista
system is indispensable.

FIG. 4. Simulation results for a VBWA with injection of a
initially converging 50 MeV finite-emittance beam. Particles a
injected atz50. Laser and particle beams come to focus 40ZR1
downstream of the injection point. Plots of~a! g-r phase space an
~b! longitudinal phase space~g-z!, at end of run,ct50.4 cm. In the
latter, the direction of beam propagation is towards the left. A p
of peak energy vs axial distance, with the abscissa measure
units of Rayleigh range,ZR1, of laser beam 1, is shown in~c!.
tion
e
le
e

The particles are injected 40ZRI upstream of the focus an
followed to 40ZRI past the focal point. Figures 4~a! and 4~b!
show theg-r phase space and the longitudinal phase sp
~g-z!, respectively, at the end of the run. A notable feature
Fig. 4~a! is that, in contrast to the 4.5 MeV case, the high
energy particles tend to be closer to axis. This is due to
fact that at higher energies the particles are stiffer and
susceptible to radial scattering by the ponderomotive for
By the same token a larger laser power, 29 TW per beam
now required to nearly triple the energy, to;150 MeV. The
energy eventually levels off at;130 MeV. Equation~16!
predicts a peak energy of 140 MeV forF~Zfocus!5p/2, al-
though it is doubtful that any of the analytical estimates h
are valid for values ofa0.1 or a0.2 as large as in this example

In closing it should be pointed out that single laser be
null tests, witha0.250, were performed for both the 4.5 MeV
and the 50 MeV examples. In both cases the energy
observed to change in the vicinity of the focal point, retur
ing to its original value far downstream. No significant n
acceleration was observed with a single laser beam.

V. SUMMARY AND CONCLUSION

Simulations reveal some key characteristics of
VBWA. First, in practice, the variation of the phase veloci
in the focal region leads to rapid detuning of particles fro
the beat wave. Second, the interaction is in the nature o
impulse delivered to the particles in the focal region. Thi
particles are scattered radially on passing through the fo
As a result, slippage and walkoff tend to limit the accele
tion gradient of the VBWA. It may be possible to reduce t
radial scattering by using larger laser spot sizes. The
amples in this paper assume the fundamental Gaussian
profile, with the peak intensity on the axis and, therefore
net defocusing radial force. One can envisage the use
radial profiles that exhibit a minimum on the axis, such a
combination of higher order Gaussian modes, that do
lead to particle scattering.

Previous models of the interaction have been extende
obtain improved estimates for the energy gain. Furth
through simulations it is demonstrated that the energy g
can be improved significantly by employing a convergi
particle beam that is focused at the same location as the
beams. Thus, it is shown that one can, with readily availa
state-of-the-art equipment, design a VBWA that will have
acceleration gradient far in excess of what will be achieva
with conventional radio-frequency technology. Finally,
should be emphasized that, since the vacuum beat wave
celerator is limited neither by material damage nor by an
hilation of antiparticles, it has clear advantagesvis-a-visthe
inverse Cerenkov and the plasma wakefield accelerator
cepts.
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